
§ 14.5 The Chain Rule
The One-Variable Chain Rule

First, a quick reminder about the Chain Rule that you saw in Calculus I. Say that we have a function
y “ fpgpxqq. Then, using two different notations, we can find the derivative of y as

y1 “ f 1pgpxqq ¨ g1pxq or
dy

dx
“
df

dg
¨
dg

dx
.

Example 1: If y “ px2 ` 1q3, find y1.

Example 2: If fpxq “ ecospx
4
`xq, find f 1pxq.

What if there are multiple dependent variables?

For example, say that z “ fpx, yq, but we also have that x “ xptq and y “ yptq (that is, x and y are both
functions of t). Ultimately, this means that z “ zptq, where x and y are “intermediate” variables of a sort,
so it should make sense to find the derivative of z with respect to t. But how do we compute it? First, it is
helpful to sketch and keep in mind a quick tree diagram like the one below:

z

yx

tt
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In order to find dz{dt, we need to add up all of the possible derivatives with respect to t, namely we want
to follow every branch that ends in t and add those derivatives. Therefore, we have that

dz

dt
“
Bz

Bx

dx

dt
`
Bz

By

dy

dt
.

Note that two of the derivatives present are partial derivatives, since z is a function of more than one variable,
but the others are not since x and y are only functions of one variable, t.

Example 3: Find dz{dt if z “ x ln y, x “ cos t, and y “ e2t.

Example 4: Find the value of dz{dt at t “ 1 if z “
xy2

x` 1
, x “ t2 ´ 1` ln t, and y “ t cospπtq.
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What if there are multiple dependent and independent variables?

Say, for example, that z “ fpx, yq but x “ xps, tq and y “ yps, tq. z is a function of more than one variable,
but so are both x and y. z is ultimately a function of both s and t, so it now makes sense to take the
derivative of z with respect to either s or t. How do we compute the partial derivatives?

Just like before, sketch a tree diagram and follow all paths that lead to the desired variable and add up all
possible derivatives that correspond to each path.

z

yx

tts s

Therefore, in this circumstance, we have

Bz

Bs
“
Bz

Bx

Bx

Bs
`
Bz

By

By

Bs
and

Bz

Bt
“
Bz

Bx

Bx

Bt
`
Bz

By

By

Bt
.

Example 5: If z “ x2y3, x “ s cos t, and y “ s sin t, find Bz{Bs and Bz{Bt.
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We can also have more variables than in any of these examples. However, the method remains the same.
Draw a quick tree diagram and make sure to add up all possible derivatives along any branches that end in
the desired variable.

Example 6: Find all possible first partials of z “ x4 ` x2y if x “ s` 2t´ u and y “ stu2.

Practice Exercises

1. Find dz{dt if z “ x2 ` y2 ` xy, x “ sin t, and y “ et.

2. Find dw{dt if w “ xey{z, x “ t2, y “ 1´ t, and z “ 1` 2t.

3. If z “ fpx, yq and f is differentiable with x “ gptq and y “ hptq, use the following table of values to
compute dz{dt at t “ 3.

gp3q “ 2 g1p3q “ 5 fxp2, 7q “ 6
hp3q “ 7 h1p3q “ ´4 fyp2, 7q “ ´8

4. Find Bw{Br and Bw{Bθ at r “ 2 and θ “ π{2 if w “ xy ` yz ` zx, x “ r cos θ, y “ r sin θ, and z “ rθ.
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