Math 1071 Spring 2016, Final Exam Review Solutions

This review packet only covers the sections from Chapter 6 covered after Exam 2. The
final exam will be cumulative. You should look at the review packet for Exams 1 and 2,
as well as past assignments, quizzes, worksheets, and relevant sections of our text to remind

yourself of earlier material. This review packet is not intended to be exhaustive.

1. For each of the answers below, we use C' as the constant of integration.

(
(h) [ (2 —6t2) dt=3[t2dt—6 [t*dt =3(—t"") =28+ C = -3t -2+ C
f(x+ )dm—fxdm+fm*3dx—la72+ 1*2—|—C

+Y) de=[rnde+ [tdo=mx+In|z| +C
J(m+3) J /3 2]
f%dt—f(\[ B) di= [ i)t =[5 det [1d dt

= a5t +ﬁt5+02§t%+2t%+0

M) [(e"—%)do=[e"da— [22do=e"+21+C

(m) [(®+1)B—u)du= [Bu*—u*+3—u)du=3[vdu— [v’du+3[du— [udu
=u®— tu'+3u— L+ C

n) [t(VE—tt)dt = [(t2 =) dt = [t2dt— [P dt = J5t3 — 10+ C =25 — L5+ C



2. For each of the answers below, we use C' as the constant of integration.

(a) Let u = 3z + 1. Then du = 3dz, so dz = 3du.
Then [6(3z+ 1) de = [2u® du= Zu" +C = Z Bz + 1)" + C.
(b) Let u =3 — 22 Then du = —2zdx and —3du = x d.
Then [z(3—2?)%de =% [u du=—3(3u")+C=—-Lu' +C=—-53B—2)"+C
(c) Let u = 2*+8x+3. Then du = (42*+8) dv = 4(23+2) dr. Then % du = (2*+2) dz,
sofx +2\/mdx—4f\/_du—lfusdu— (4/3 3—1—0
=2(@2*+8x+3)+C
(d) Let w =x+ 1. Then du = dz, so
f2\/x—+1dx:2f\/ﬂdu:2fu%du:2<712u%>+C:§(5B+1)%+C
(e) Let u=x+ 1. Then du = dz, so
[ (@+12de= [(x+1)ide= [uf du= 5/3)u3 du+C=32(x+1)5+C
(f) Let 2 =In2z. Then du = dx so
S22 dy = [udu=iu?+C=i(n2z)*+C
(g) Let # =22+ 1. The du=2dz and § du = dz. So
=1[ldu=iInfu/+C=sm2z+1|+C

1
2z+1

(h) Let u=¢""+41 and du= —e * dx. Then
[Smde=—[ldu=—Inlu/+C=—-Inle” +1|+C=-In(e*+1)+C
(since e7* 4+ 1 > 0 for all x)

(i) Let w =Inz. Then du= % and
[——dr=[2du=Inlu/+C=In|nz|+C

zlnz

(j) Let u =Inz? Then du= 2 dz and
f:cln:czdx_Qf dU—lln’u|+C 11n‘lnx2]+0

3. Use a left- and right-hand sum with rectangles of equal width for the given value of n to

approximate the integral. Round the answers to two decimal places.

a) fflnx dr,n=3

Let f(z) =Inxz. When n =3, Az = %

W=

Left-hand sum:



Right-hand sum:

(b) f02 xet dr,n =4
Let f(z) = ze® dz. When n =4, Az = 20 =

Left-hand sum:
fderg S fls )+ 5 F (5
/O:Ce dx 5 f(0)+2 f(2>+2 f()—|—2 f<2)
; ! : (1)6(1) + 1 . (_)6(3/2)

1
=~ (0)e® £ = . Ze1/2) 4 =
(0)e™ + e + e

~ 5.13259

Right-hand sum:

2 Loy, ! 13\ 1
J “wdm?'f(i)*if“)*é'f(ﬁ)“5' 2)

= — . — (1/2) Z.(1 (1) -

~ 12.5216

(c) fil V3 —a22dr,n=4
Let f(z) = V3 — 2. When n = 4, Az = =1,

4




Left-hand sum:

L 1 1 1 1 1 1
/lm&p%§-f(—l)+§-f(—§)+§-f(0)+§-f(§)

1, 1 1 1
=SB (C12 =B (—1)22+ 2 B0+ = 3= (1/2)?

SV = (1245 V3= (=1/22+ 5 V3 - (02 + 5 - V3 - (1/2)
~ 2.7521

Right-hand sum:

[ masg(-5) 503 (3) 50
1

=§-33—&4ﬂv+§-33—mv+§-33—umw+§33—uw

~ 2.7521

4. Evaluate the following definite integrals.

(a) [P4a®dr = 2]} =2 —1* =15

(b) [ 32t da =

() J21(92% = 1) dw = 32® — 2[”, = (3(0)* = 0) — (3(—1)? — (~1)) = 2

@ ot v o= (<=2 = (G- d) - (- 4) =¥

(e) [edr=(—e)" =—e"+el=—1+e

(0) [y e do = (36%) |, = 37 — 3

(g) [i'2dr= (3In|z|)|s =3In4 —3In2

() [ (14 22) do = § (1+20)9), = 4(1+ 00— 4(1-2)° = =1 =0

1
() ! wet do = (Ler'*)
-1
G J° s dor = (3 1In]2z 4+ 1|) ’1 tIn5—1In3
(k) [° 2y do = (3In(2? +1 )Y, =1l —1n5= 15

(1) f14 e\g dz = (2eV7) };1 = 2¢? — 2e

5. The graph of f is shown. Evaluate each integral by interpreting it in terms of areas.
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For the following solutions, the areas below the graph have been labeled.

You may find the following formulas helpful:

(base) (height)

Area of a triangle = %

Area of a rectangle = (base)(height)

Area of a circle = w(radius)?

e Area of a trapezoid = (height; + height,)(base)

(a) [y f(2)de= A1+ Ay = 52+ 4)(2) + (2)(4) = 14
(b) [5 fx) de = Ay + Az + Ay = (2)(4) + (4)(4) + Ln(2)> = 24 + 21

(¢) [io f(z)de = As = 12(4 +8) = 12

10

6. (a) If f(6) =15, f’ is continuous, and f610 f'(x) dx = 23, what is the value of f(10)?7
By the Fundamental Theorem of Calculus, part 2, f610 f'(x)dx = f(10) — f(6) so
23 = f(10) — 15. Then f(10) = 38.
(b) If f(4) = 20, f" is continuous, and f14 f'(z) dz = 6, what is the value of f(1)?
By the Fundamental Theorem of Calculus, part 2, f14 fl(x)de = f(4) — f(1), so
6 =20 — f(1). Then f(1) = 14.

7. Using the graph of f’(x), given below, and the fact that f(0) = 12, compute the following

values.



0 2 4 6 8 10

(a) We can see graphically that f02 f'(x) dz = $(2)(6) = 6. By the Fundamental Theo-
dz

rem of Calculus, part 2, we also know f02 f'(z) dz = f(2)— f(0). Then 6 = f(2)—12.

Thus f(2) =18

(b) We can see graphically that f05 f'(z) dz = 5(2)(6)+(3)(6) = 24. By the Fundamental
Theorem of Calculus, part 2, we also know f05 f'(z) dx = f(5) — f(0). Then 24 =
f(5) —12. Thus f(5) = 36

(¢) We can see graphically that fog f(x) de = 5(2)(6)+(4)(6)+5(2)(6+4)+(1)(4) = 44.
By the Fundamental Theorem of Calculus, part 2, we also know fog f(x)de = f(9)—
f(0). Then 44 = f(9) — 12, so f(9) = 56.
8. Suppose the rate of sales of an item is given by

S'(t) = —3t* 4 36t

where t is the number of weeks after an advertising campaign has begun. How many

items were sold during the third week?

The number of items sold during the third week is given by

/3 S'(t) dt = /3(—3752 + 36t) dt
= (£ +182) [,
= (—(3)* +18(3)%) — (—(2)* + 18(2)*)
=71



9. A tank holding 10,000 gallons of a polluting chemical breaks at the bottom and spills out
at the rate given by
f/(t) — 400670.012

where ¢ is measured in hours. How much spills during the first day?
The amount of oil lost spilled during the first day is
2 24
f'(t) dt = / 400e 001 dt
0

0
24

= (_4000060.0115) :
= (—40000e"°1) — (4000061 ®)
~ 8534.89 gallons

10. For the following solutions, we denote the average value of f(z) by f(z)

(a) flz) = m f_22 2z dr = 1 x2’32 =192 (22)2=

(b) J(@) = 5% Jy a* de = § - ot = 5 (1) = §0)1] = 5

(€) (@) = s Jy 2 do = gy @ = g 02 = ] = 52— 1) =

(@) Fl) = 75 Ji 4 de = Zhp-4lnfallf = 2 Ao e - 4l 1)) = Z5(8-0) = 2

2

(e) f(x) = ﬁf(fx(:r—l) dr = %fg(:ﬁ—x) de =1 (x—g — %)‘

:1[(@_@)_<@_@)]:1
2 3 2 3 2 3

11. The population in a certain city is projected to be given by

0

P(t) = 100000,

where ¢ is given in years from now. Find the average population over the next 10 years.
The average population over the next 10 years is

1 10 1 10 0.05
— P(t)dt = — 100, 000e%%* dt
-0/ T® 10/O e

1 +/201 110
T (2000000¢"/2%) |,

~ 129744



12. The profit in millions of dollars of a certain firm is given by
P(t) = 6(t = 1)(t - 2),
where t is measured in years. Find the average profit per year over the period of time

[0, 4].

The average profit in millions of dollars is given by

4Tlo 0 P(t)dt:}i/o 6(t — 1)(t — 2) dt

3 2




05

A= B—e®)dr=@Br+e®)|°, =30)+e @) = (3(=1) +e D) =4—¢
() y=vVz,y=x,x=0,z=1

A= fol(\/f—:v) dr = <§x3/2 — %)‘; =3

(d) y=a2*-2r+1l,y=x+1

4

To find the bounds for integration, we determine where the two given curves intersect:
?—2r+1l=r41=22-3z=0=2(rx-3)=0=>2=0,r=3
Then

A= [la+1) - @ =20+ 1)) de = [§(—2* +30) do = (£ + 522

9



To find the bounds for integration, determine where the two given curves intersect:
?=8-1"=2"-8=0=22"-4)=0=0=-20=2

Then

A= f [(8 — ]dx—f_ (8—2x2)dx:<8x—i>‘22

x
05 05 1 15 2

Observe that the roles of “top function” and “bottom function” switch when the two
functions intersect, so in order to find the area between the curves, we must find the

two areas separately and then add them together.

The graphs intersect when e** = e 2* = 2z = 2r = 42 =0= 2 = 0.
Then A = ffl(e_% —e2®) dx + fo (€2 — 72 dx
= (-3¢ =3 2””)! 1 (%62 +3e7);
= [(=3=2) = (=377 = 32W) ] + [ + 377) = (3 + 3)]
=1e?+1e 2+ 3et + %e“* -2

10



(2)

y =23 — 3,y = 22°

As in the example above, the roles of the “top function” and “bottom function”
switch when the two functions intersect, so in order to find the area between the
curves, we must find two areas separately and then add them together. We also

need to find the intersection in order to find the bounds for our integrations.

The graphs intersect when

-3 =2"=2"-2"-30=0=z(z+1)(z—-3)=0=2=0,2=-1,z=3.
Then A = [° [(2% — 32) — 222 dz + [} [22% — (2% — 32)] du

0 3
P VA L VB v
4 2 3 )|, 3 4 2 /|,

2

Again, the roles of the “top function” and “bottom function” switch when the two
functions intersect, so in order to find the area between the curves, we must find two
areas separately and then add them together. We also need to find the intersection
in order to find the bounds for our integrations.

The graphs intersect when

2 —3r=-20=33-32=0=3x(2*-1)=0=>z=-1,xr=0,z =1

11



Then A = fi)l[(gvz3 —3x) — (—22%)] dz + fol[—Qx?’ — (2% — 3x)) dx
= %, [32% — 3] dw + fol[—3x3 + 3z dx
0 —3a* 3z !
> —1+ < 4 +T> 0
YU I RN(E R
y=ry=r0=-8 =1

The bounds for x are given, but we still need to note that the “top function” and

I
/N
w
[
'y
|
w
vl
[V

“bottom function” switch roles when the functions intersect. In this case they inter-

sect at 3 points:
The graphs intersect when Yz =z =r=2>= 2> —2=0=2(2? —1) =0

=zr=0z=1r=—-1
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