Math 1071 Spring 2016, Exam 2 Review Answers

1. For parts (a)-(c) below, we use tangent line approximation f(z) = f(c) + f'(c)(x — ¢).

(a) Using f(z) = \/z, c =16 and z = 15.7, we see f'(z) = 55=, s0

V15.7 = f(15.7)
~ f(16) + f'(16)(15.7 — 16)

1
=16 + 27?6(—0.3)

1
=44+ —-(-0.3
+5(-03)

= 3.9625

(b) Using f(z) = 2%, ¢ =2 and z = 1.8, we see f'(x) = 322, so

(1.8)* = £(1.8)
~ f(2) + f(2)(1.8 - 2)
= 2% 4+ 3(2)%(—0.2)
=8+4+3-4(-0.2)
= 5.6



()

Using f(x) =Inz, c=1, and x = 1.2, we see f'(x) =1/, so

In1.2 = £(1.2)
~ f(1) + f(1.2)(1.2 — 1)
—m1+%mm
=0+0.2
=02

2. The linear approximation formula is given by f(c + h) — f(c) &~ f’(c)h. Since we are

3.

interested in the change of area of a square when side length increases from 3 inches to

3.2 inches, we use the function f(z) = x?, where z denotes the length of a side of a square,

c=3 and h = 3.2 —3 = 0.2. Then the change in area is given by

(a)

(b)

f(3.2) — f(3) = f'(3)(0.2) = 2(3)(0.2) = 1.2 square inches

18x

» 92245 > 0 when

Since 922+ 5 > 0 for all values of z

Marginal cost is C'(x) = 9;§i5'

18z > 0. This occurs when x > 0.
If p = —0.2x + 16, revenue is given by R(z) = pr = (—0.2z + 16)x = —0.22° + 16x.
Then R'(z) = —0.4z + 16, and we have a critical value when 0 = —0.42 + 16, that

is, when x = 40. We see

Test Intervals | Test Point | Sign of f’ | f incr/decr
(—00,40) 20 + increasing
(40, c0) 100 — decreasing
so z = 40 will give us an absolute maximum.
Since profit is revenue less cost, we have
P(z) = R(x) — C(x) = (—0.22° + 162) — (5 + 8v) = —0.22* + 8z — 5.

Then P'(z) = —0.4x + 8, and we have a critical value when 0 = —0.4x + 8, that is,

when z = 20. We see

Test Intervals | Test Point | Sign of f* | f incr/decr
(—o0, 20) 10 + increasing
(20, 00) 100 — decreasing




4.

6.

so profit is maximized when x = 20. The maximum profit is P(20) = 75.

(d) R'(x) = —=32* + 75 = —3(2*> — 25) = —3(z + 5)(x — 5), so we have critical values
when 0 = —3(x + 5)(x — 5), that is, when = —5 or x = 5.

Test Intervals | Test Point | Sign of f' | f incr/decr
(—o00, —b) -100 - decreasing
(—5,5) 0 + increasing
(5,00) 100 — decreasing

so we have a maximum when z = 5.

First note, 2—2 = —W. Then
pdx D 1 p
E = ——— = — — — .
)  dp (L) (10+p)2) 10+ p
10+p
e E£(5)=1/3
o E(10) =1/2

e E(100) = 10/11

In each of these cases F < 1, so demand is inelastic.

dx

. First note, & = _z%' Then

dp

pdx P 3
Ep)=——=—F+7—~(—=)=3.
®)=-; dp (L) (p4)
p3
Since E(p) = 3 for all p, there are no values of p that will make £ = 1. For the last part
of the problem, we use the theorem that says revenue is maximized when E = 1. But

since there is no p which will make F = 1, for this problem, there is no solution.

(a) Critical values of f: v =2 and z =4

Test Intervals | Test Point | Sign of f'(z) | f incr/decr
(—00,2) 0 + increasing
(2,4) 3 — decreasing

(4, 00) 10 + increasing

f is increasing on (—o00,2) U (4, 00) and decreasing on (2,4)

3



7.

8.

(b) Critical values of f: x = -1,z =1, and . =2

f is increasing on (2, 00) and decreasing on (—oo, —1) U (—1,1) U (1,2)

(also acceptable: f is increasing on (2,00) and f is decreasing on (—o0, 2))

Test Intervals | Test Point | Sign of f'(z) | f incr/decr
(—o0, —1) -10 - decreasing
(—1,1) 0 — decreasing
(1,2) 3 — decreasing
(2,00) 5 + increasing

(c) Critical values of f: x =1, 2 = =2

f is increasing on (—oo, —2) U (1,3) U (3, 00) and decreasing on (—2, 1)

(a) f'(z) = —242° — 202® = —423(62® + 5), so we have only one critical value z = 0.
Test Intervals | Test Point | Sign of f'(z) | f incr/decr
(—00,0) -100 + increasing
(0, 00) 100 — decreasing

Test Intervals | Test Point | Sign of f'(z) | f incr/decr
(—o0, —2) -10 + increasing
(—2,1) 0 — decreasing
(1,3) 2 + increasing

(3, 00) 10 + increasing

so we have a relative maximum of f(0) =5

(b) First, let us observe that the domain of g is (0, 00). Next, observe ¢'(x) =1—1/z =

z—1
T

, so we have only one critical value z = 1.

Test Intervals | Test Point | Sign of ¢'(x) | g incr/decr
(0,1) 3 — decreasing
(1,00) 100 + increasing

so we have a relative minimum of ¢g(1) = 1.

e The critical values of f(x) are the z-values that are in the domain of f where f'(x)

0 or f’(z) is undefined. According to the graph, f’(z) is defined everywhere and
f'(x) =0when z = —4, 2 = —1, 2 = 2) and x = 3.



e f is increasing when f’(x) > 0. This occurs on (—4,—1) U (—1,2) U (3,00). Also
acceptable: (—4,2) U (3, 00)

f is decreasing when f’(x) < 0. This occurs on (—oo, —4) U (2, 3).

The x-values of local maxima are © = 2

The z-values of local minima are x = —4, x = 3

The graph of f is concave up when f’(x) is increasing. This occurs on (—oo, —3.25)U

(—1,0.75) U (2.6,00) (decimals are approximate)

The graph of f is concave down when f’(x) is decreasing. This occurs on (—3.25, —1)U
(0.75,2.6)

The inflection values are the z-values on which the graph of f changes concavity.
This occurs when x = —3.25, v = —1, x = 0.75, and z = 2.6

Test Intervals | Test Point | Sign of f”(x) | f concave up/down
(—00,0) -10 + concave up
9. (a) (0,2) 1 — concave down
(2,4) 3 — concave down
(4, 00) 10 + concave up

f is concave down on (0,2) U (2,4) (also acceptable (0,4)) and concave up on

(—00,0) U (4, 00), with inflection values at z =0 and =z =4

Test Intervals | Test Point | Sign of f”(x) | f concave up/down
(—o00, —2) -100 — concave down
(b) (—2,0) -1 + concave up
(0,2) 1 — concave down
(2,00) 100 + concave up
f is concave up on (—2,0) U (2,00) and concave down on (—oo,—2) U (0,2) with
inflection values at x = —2,0, 2
Test Intervals | Test Point | Sign of f”(x) | f concave up/down
(—o0, —2) -100 - concave down
(—2,-1) -3/2 + concave up
(c) (—1,0) -1/2 + concave up
(0,1) 1/2 — concave down
(1,3) 2 — concave down
(3,00) 100 + concave up




f is concave down on (—oo, —2)U(0, 1)U(1, 3) and concave up on (—2, —1)U(—1,0)U

(3,00) with inflection values x = —2,0, 3

10. (a) f'(z) = =322+ 1220 — 9= f"(z) = -6z + 12 = —6(x — 2); f"(z) =0 when z = 2

Test Intervals | Test Point | Sign of f”(z) | f concave up/down

(—00,2) 0 + concave up

(2,00) 100 — concave down

Thus f is concave up on (—o0,2) and concave down on (2,00), with an inflection
value at = = 2.

(b) ¢'(x) = xe® + €* = ¢"(x) = (xe® + €*) + e* = ze® 4+ 2e” = e(x + 2); ¢"(x) =0
when e = 0 or x + 2 = 0. Since €® > 0 for all values of z, the ¢”(z) = 0 only when

r=—2.

Test Intervals | Test Point | Sign of ¢”(x) | g concave up/down

(—o0, —2) —10 — concave down

(—2,00) 0 + concave up

11. Note: What happens to the graph of f” is unclear when x = 5. If you assume that f"
continues to increase, which we will assume here, then f"(5) = 0 and f” > 0 on (5, 00)
If you assume differently, your answer will differ from that below. On the exam, we will

likely only ask about the domain of the graph that is visible.
e The graph of f is concave up when f” > 0. This occurs on (—oo, —3)U(—1, 2)U(5, 00)
e The graph of f is concave down when f” < 0. This occurs on (=3, —1) U (2,5)

e The inflection values are the x-values for which f changes from concave up to concave

down or vice-versa. This occurs when x = —3, x = —1, v = 2, and x = 5.

12. (a) lim -2 = lim -2 (1/$)— lim Y2 = 0 _

roseo T3HL T Lo @341\ 1/a8 rseo 1H1/x3 1+0
(b) lim /x = oo

T—>r00

: ot —ax?a—-1 _ q: ztoa?4z-1 (/23 _ 1. z—1/z4+1/2%—1/23
(c) xgrfloo 311 _IEI_HOO 2+ 1/23 _xl_lfloo 1+1/2° =
2_q -1 (1/Vz 2821/

d) lim £ = lim Z=L = lim —=——¥ =
( ) z—>oo\/> 3 x—)oof 3 Uf) T—r00 173/\/5

(¢) lim 4/1— % =1, since lim 1/2? =0
T——00 Tr—00

(1) lim 0 = tim S (Vo) = lim e =6

T—00 z—o0 €72 /e z—o0 !
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13. e the critical values of f(x): x = —4,—-2.3,0.85,3 (values are approximate)

e the largest open intervals on which f(z) is increasing: (—oo,—4) U (—2.3,0.85) U
(3,00)

e the largest open intervals on which f(z) is decreasing: (—4,—2.3) U (0.85, 3)

e the z-values of all relative maxima: x = —4,0.85

e the x-values of all relative minima: x = —2.3,3

e all inflection values: z = —3,—0.5,2 (values are approximate)

e the largest open intervals on which the graph of f is concave up: (=3, —0.5)U (2, 00)

e the largest open intervals on which the graph of f is concave down: (—oo,—3)U
(—0.5,2)

e any horizontal or vertical asymptotes: none

14. (a) e Domain: (—oo,00)
e lim f(z)=o00, lim f(x) = oo, so there are no horizontal asymptotes
T—>—00 Tr—00

e There are no vertical asymptotes

o f'(z) =122 — 62* + 2z = 2z(62? — 3z + 1), so we have a critical value when

z=0
Test Intervals | Test Point | Sign of f' | f incr/decr
(—00,0) -1 - decreasing
(0, 00) 1 + increasing

o f"(x) =362%— 12z + 2 = 2(182% — 6z + 1) does not equal 0 for any value of z.

Since f”(x) > 0 for all values of z, the function is concave up on (—o0, c0)

25 ':\




o lim —2 = lim —2 (1/—:”> = lim ——%+ = —o0
rooo 12 rooo T2 \1/z T
lim —=2 = lim —2 (X2) = lim ——£- =
r—0o T2 00 TH2\1/z r——0o 1t+2/z
There are no horizontal asymptotes
. 2
‘i g
lim —2% = —0
r——21 z+2
r = 2 is a vertical asymptote
o J(v) = —fﬁ;;lg), g () = 0 when z = 0 or x = —4; ¢/(z) is undefined when
T =—2
Test Intervals | Test Point | Sign of ¢’ | ¢ incr/decr
(—o0, —4) -5 - decreasing
(—4,-2) -3 + increasing
(—2,0) -1 + increasing
(0, 00) 2 - decreasing
o ¢'(x)= —ﬁ; g"(x) # 0 for any values of x; ¢”(z) is undefined when z = —2
Test Intervals | Test Point | Sign of ¢” | g concave up/down
(—o00, —2) -5 + concave up
(—2,00) 0 - concave down

(c) e Observe the denominator is 0, that is 22—z —6 = (r—3)(x+2) = 0 ,when z = 3
and x = —2. Thus the domain of the function is (—oo, —2) U (—2,3) U (3, 00)
. 1 . . 1 1/12 _ 1/x2 . Lo . . .
° xErPoo T = IEEnOO P m— (1/7> = T = 0; similarly, IILIEO h(z)=0
y=0 is a horizontal asymptote




(d)

e lim A(x) =o00; lim h(zx)= —o0; lim h(zx) = —oo; lim h(z) = c©

w——2- w2+ w3~ w3+
There are vertical asymptotes at x = —2 and z = 3
o N(x)= ﬁ; R (xz) =0 when x = 1/2, and h'(x) is not defined when z = —2
orr =23
Test Intervals | Test Point | Sign of A’ | h incr/decr
(—00, —2) -5 + increasing
(—2,1/2) 0 + increasing
(1/2,3) 1 — decreasing
(3,00) 5 — decreasing
o 1'(z) = %; h"(x) # 0 for any value of x since 3z — 3z + 7 > 0 for all
x, and h"(z) is not defined when z = —2 or z =3
Test Intervals | Test Point | Sign of A" | h concave up/down
(—o0, —2) -5 + concave up
(—2,3) 0 - concave down
(3,00) 10 + concave up

e Observe e — e ® = 0 when z = 0, so the domain of j is (—o0,0) U (0, 00).

. €T —T . x —x 1/e® . T x —x T . —2x
o lim £te? — lim @tes? (Le) iy S/etterten |y e 140
r—oo €T € oo €T € 1/e r—oo €7/e¥—eT% /e roo 1€ 1-0
. x —x . x —x 1/e % . T /o~ —T [o—T . 2x
lim St — Jjm ot (Let) o gy SletHet/e iy o o
r——00 ¢ 7€ z——oc0 ¢ 7€ 1/e o0 €7 /eTT—eT e z——oc0 €T
1+0 __ -1
-0
There are horizontal asymptotes at y = 1 and y = —1.
. x —x . x —x
o lim £ = —o0 and lim £— = o
z—0— € 7€ z—0+ € 7€

There is a vertical asymptote at x =0

9



—4

o j(x)= (= E j'(z) = 0 for no value of x, so there are no critical points.

Test Intervals | Test Point | Sign of j' | j incr/decr
(—00,0) -10 — decreasing
(0, 00) 10 - decreasing
o j'(x)= ?e(iszf;jg; j"(z) = 0 for no values of x
Test Intervals | Test Point | Sign of j” | j concave up/down
(—00,0) -10 - concave down
(0, 00) 10 + concave up

]

15. The graph of f(x) is on the next page

10




16.

'———-—-—h_—---‘-----

-8

(a) f'(x) = —6z(x — 1), so the critical values of f are x =0 and z = 1
e On [—1.1], F(—=1/2) =1, f(0) =0, f(1/2) = 1/2, so the absolute maximum is

f(=1/2)

1 and the absolute minimum is f(0) =0

e On (—3,1), we no longer have an absolute maximum. However, the absolute

minimum is still f(0) =0

e On [0,2], f(0) =0, f(1) = 1 and f(2) = —4, so the absolute maximum is

f(1) =1 and the absolute minimum is f(2) = —4

e On [0,2), we no longer have an absolute minimum. However, the absolute

maximum is still f(1) =1

(b) f'(x) = x*(5x* — 16x + 3), so the critical values are x =0, z = 1/5, and x = 3
e On [0,2], f(0) = —10, f(1/5) = —9.99808, f(2) = —34, so the absolute maxi-

mum is f(1/5) = —9.99808 and the absolute minimum is f(2) = —34

e On [0,4], f(0) = —10, f(1/5) = —9.99808, f(3) = —64, f(4) = 54, so the

absolute maximum is f(4) = 54 and the absolute minimum is f(3) =

11
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e On (—00,0), we observe that lim z° — 4z 4+ 2% — 10 = —co and lim 2° —

r—r—00 Tr—r00
4x* + 23 — 10 = 00, so there is no absolute maximum or minimum

(c) f'(z) = 42 + 6z = 2x(22* + 3) has a critical value at = 0. Observe that on
(—00,0), f'(z) < 0 and on (0c0), f'(xz) > 0, so f(0) = —1 is an absolute minimum.
Moreover, since lim, , o f(z) = oo and lim,_,., f(z) = oo, there is no absolute

maximum.

17. Let x denote the length of the field and y denote the width of the field.
« N\

cost af s
s 1s 3 diwus
+¥e cest of +ha

othav €udas

Field,
arenm

|
| &

4y

Then xy = 20, 000.

The cost per foot of three of the sides is C, where C' > 0, and the cost of the fourth side
is 3C. Then the total cost of the fence is given by

3Cy+ Cx 4+ Cy+ Cz =4Cy + 2Cx.

Since zy = 20,000, we have x = 20,000/y. Substituting this into the above equation

gives a cost equation (in terms of y):

40, 000C
fly) =4Cy + ———.

We want to minimize this function on the interval (0, c0) (since we want the width of the
field to be positive).

Then
40,000C" 4Cy* — 40,000C

y? y?

f'(y) = 4C — 40,0000y ? = 4C —

The critical value of f occurs when 4Cy? — 40,000C = 0, so y = £100, but only y = 100

makes sense for this problem.
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18.

19.

To see that this is indeed minimum, we can either use the first or second derivative test

(you should choose which one you like better and show your work)

Let = denote the number of additional trees over 1000. (So, for example if we plant 1001

trees, x = 1, if we plant 1002 trees, x = 2 and so on.)

Then the total revenue is given by
(50 — 0.02)(1000 + x)
and the total cost of maintenance is given by

10(1000 + ).

Thus the total profit from the orchard is given by revenue less cost, or

T) = —0.02z +x)— +x) = —0.02z" + 20z + 40, .
f 50 — 0.022)(1000 10(1000 0.02z7% + 20 40, 000

To find the maximum profit, we look to the derivative:

F/(z) =20 — 0.04z.

The critical values of the derivative occurs when 20—0.04z = 0, or when z = 500. Observe
that f”(z) = —0.04, so f”(500) = —0.04 < 0. This implies = 500 is a maximum. Hence

we should plant 1500 trees to maximize profit for the orchard.

Since the box has a square base, denote the length of each side of the base by z, and the
height of the box by h.

wio hp o dhe
bt
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Then the volume of the box is given by
x’h = 27.

If the cost per square inch of the side of the box is €', where C' > 0, then the cost per
square inch of the of the bottom of the box is given by 2C. Then the total cost of the
box is given by

2Cx? + 4Cxh.

Since x?h = 27, we have h = 27/z% Substituting this into the above equation gives a

cost equation (in terms of x):

27 108C  2Cz3 +108C
f(z) =2C2* 4 4Cx (—2) =2C2% + _ v .
x T x
We want to minimize this function on the interval (0, c0) (since we want the box to have

a positive side length).

Then A0(2% — 27
iy = 19220

X

The critical value of f occurs when 2% — 27 = 0, or when z = 3. Observe f'(z) < 0 on

(0,3) and f'(x) > 0 on (3,00), so x = 3 is an absolute minimum.

Therefore, the box should have dimensions 3”23"x3” to minimize cost. The minimum

cost is 54C, where C' is the cost per square inch of material used.
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